A theoretical investigation has been made on the phonon spectrum and heat capacity of polymorphs of carbon and boron nitride with special interests on the variation of Debye temperature and stiffness with temperature. A part of optical phonon branches of graphite exhibits higher frequencies than those of diamond.
I. INTRODUCTION
Allotropes of carbon show a striking contrast in their hardness. Diamond is the hardest natural substance we have ever known. Graphite, in contrast, is included in soft materials. The difference in these properties can be well explained in terms of chemical bondings. The crystal of diamond consists of three-dimensional networks of strong covalent bondings. On the other hand, the graphite crystal is made from stacking of two-dimensional hexagonal lattices with weak interlayer interaction which is the origin of the softness. Hardness usually means resistance to plastic deformation which can be measured by indentation tests. Stiffness is resistance to elastic deformation which can be measured by sound velocity in crystals. Acoustic phonons contribute to the sound propagation and therefore are related to the stiffness of crystals. There are 3Z phonon branches in a crystal having a Z atom unit cell. Only three of them are acoustic. The other 3Z − 3 branches are called optical phonons. Although optical phonons do not contribute to the sound wave, they play important roles for heat capacity especially at elevated temperatures. In 1912 Debye proposed the theory of heat capacity, 1 where the single Einstein frequency is replaced by a frequency spectrum. According to the Debye's model, temperature dependence of the heat capacity can be well defined using a single parameter called Debye temperature ⌰ D . It is related to the maximum phonon frequency D of the frequency spectrum as ⌰ D = h D / k B , where h and k B are Planck's and Boltzmann's constant, respectively. Since vibrational frequency is proportional to square root of the stiffness within the harmonic approximation, both ⌰ D and D can be used as measures of the "stiffness" of solids. Hereafter we will call them Debye stiffness. It should be noted that the Debye stiffness defined in this way is different from the conventional stiffness that can be measured by acoustic waves as the resistance to acoustic phonon excitation. Yet, it is an important parameter to represent the resistance to overall phonon excitation including optical phonons. A widely accepted value of Debye temperature 2 of diamond, ⌰ D = 2240 K, is much higher than that of graphite, 402 K when determined with low-temperature heat capacity data. Therefore, Debye stiffness is much higher in diamond at low temperatures. On the other hand, Wunderlich 3 reported that the heat capacity of graphite becomes smaller than diamond at above 1000 K, which was explained by the assumption that C-C bonds in diamond is weaker than the conjugate double bonds in graphite. Similar experimental data have been reported by Atake. 4 However, it is difficult to derive a definitive conclusion due to experimental uncertainties of the reported data. Here, let us quantitatively discuss the temperature dependence of the Debye stiffness using first principles calculations.
Theoretical phonon dispersions of diamond and graphite have been reported in several works. [5] [6] [7] [8] [9] [10] [11] [12] Results for boron nitride ͑BN͒ polymorphs have also been reported. [13] [14] [15] [16] [17] [18] Very recently, Mounet and Marzari reported thermodynamical properties of carbon allotropes by first principles calculations. 12 They succeeded in reproducing several experimental quantities including in-plane negative thermal expansion coefficient of graphite at low temperatures. To the authors' best knowledge, however, no systematic study has been made on the temperature dependence of the Debye stiffness of carbon allotropes or boron nitrides from first principles. Difference in the Debye stiffness between polymorphs has not been discussed, either.
II. COMPUTATIONAL METHODS
First principles total energy calculations were performed using VASP code. 19 The interaction between ions and valence electrons was described by the projector augmented wave ͑PAW͒ method. 20 The exchange and correlation effects were treated by the local density approximation ͑LDA͒. 21 The k mesh was sampled according to a Monkhorst-Pack scheme 22 with a spacing of 0.4 / Å. The cutoff in the plane wave expansion was 500 eV. Convergence of relative energies with respect to the k mesh and energy cutoff was found to be better than 1 meV/atom.
Lattice dynamics has been computed by the direct method. 23 Hellmann-Feynman forces exerted on all atoms in supercells by finite atomic displacements of every symmetrically nonequivalent atom were calculated. Supercells were composed of 64 atoms for diamond and c-BN and 128 atoms for graphite and h-BN. Displacements were ±0.03 Å for diamond and c-BN and ±0.05 Å for graphite and h-BN. 24 Force constants matrix and then the dynamical matrix were constructed. Phonon frequencies were obtained by the diagonalization of the dynamical matrix. In polar crystals, a macroscopic electric field arising from ionic displacements leads to nonanalytical term of the dynamical matrix at wave vector k = 0. This is observed as a splitting between the frequencies of the longitudinal optical ͑LO͒ and transverse optical ͑TO͒ phonons at ⌫ point. 25 In the present calculations, the nonanalytical behavior of the dynamical matrix has been treated by a conventional manner using the Born effective charge tensor and the electronic part of the dielectric constant. 26 Born effective charges were calculated by the Berry phase approach. 27, 28 We obtained the value of 1.93 ͑−1.93͒ for boron ͑nitrogen͒ in cubic BN, and 2.70 ͑−2.70͒ and 0.82 ͑−0.82͒ for the direction parallel and perpendicular to the basal plane of hexagonal BN. They are in good agreement with previously reported values by linear response calculations. 29 Dielectric constants for infinite frequency limit were taken from the experimental values. 30 To evaluate thermodynamical properties under finite temperatures, we have employed quasi harmonic approximation ͑QHA͒. 31 Free energy of crystals at a given volume was obtained as a sum of the static total energy and the vibrational free energy. The vibrational contribution to the free energy was calculated as
where r is the number of degree of freedom in the unit cell and N A is Avogadro's constant. Equilibrium volume and bulk modulus at a given temperature were obtained from the volume dependence of free energy by fitting the curve to the third order Birch-Murnaghan equation of state. Heat capacity at constant volume C V can be calculated directly from the phonon DOS under the harmonic approximation. Molar heat capacity was obtained by integrating the product of the DOS g͑͒ and the weighting factor W͑h /
The difference between C p and C V was given by a thermodynamical relationship C p − C V = VT␤ 2 B 0 , where V, T, ␤, and B 0 represents molar volume, absolute temperature, volume thermal expansion coefficient, and isothermal bulk modulus, respectively.
Heat capacity at constant volume under the Debye approximation is expressed as follows:
Debye temperature at a given temperature was determined by fitting the theoretical C V to that from this formula.
III. RESULTS AND DISCUSSION
Structural and elastic parameters obtained by the calculations are summarized in Table I together with experimental values. Structural parameters are within usual errors of LDA for all crystals. Elastic properties also agree well with experimental values, except for a failure in predicting thermal expansion ␤ at 1000 K for graphite. Although the reason for the failure is not clearly ascertained, it may be attributed to the limitation of the LDA based calculations for graphitic structures with extended interlayer separations. Mounet and Marzari 12 adopted generalized gradient approximation ͑GGA͒ instead of LDA for a systematic calculation of the thermal expansion of graphite crystal within QHA. They failed to obtain the equilibrium interlayer separation of graphite. Although they employed experimental value of the ratio of lattice constants c / a as a remedy for the GGA's failure, they could not reproduce the out-of plane thermal expansion coefficient above 150 K. Although the error in ␤ in the present study is not negligible, we use the theoretical ␤ to evaluate C p . The error in C p does not change the presence of the heat capacity cross-over that will be mentioned in detail later in this paper. Figure 1 shows the calculated results for phonon dispersion relation and phonon density of states ͑DOS͒ for four crystals. Present results well trace the main features of theoretical phonon dispersion relations of carbon 5-12 and boron nitride [13] [14] [15] [16] [17] [18] in literature. Overall agreements of the calculated frequencies with the experimental values are quite good, including the low frequency modes in graphite where interactions between adjacent layers are essential. In diamond, the phonon DOS in low-frequency region rises up with 2 dependency, which is typical for simple acoustic modes of three-dimensional lattices as described in the Debye model. The phonon spectrum has a prominent peak in the highest frequency region of near 37 THz, which consists of optical modes associated with bending of sp 3 bonds. The phonon spectrum of graphite, on the other hand, shows quite different features from that of diamond. First it has a band of vibrational states ranging from low-to middle-frequency regions. Such a low frequency band mainly consists of modes concerning layer-shearing, layer-breathing, and layerbending motions. In a high-frequency region, we can recognize another band of vibrational states, whose frequencies are even higher than the maximum frequency in diamond. Atomic displacements in this region correspond to in-plane bond-stretching modes. Similar observations are made in the comparison between two polymorphs of boron nitride. Figures 2͑a͒ and 2͑b͒ illustrate the temperature variation of weighted phonon DOS g͑͒W͑h / k B T͒, namely, the integrand in the formula of the heat capacity, for diamond and graphite in three-dimensional plots. The weighting factor represents how much proportion of the vibrational states can be excited and contributes to the lattice heat capacity. At 100 K, for instance, W͑h / k B T͒ is smaller than 1% in the frequency region above 20 THz. Only low-frequency states can therefore contribute to the heat capacity at low temperatures. The lower panels of the figure ͓Figs. 2͑c͒ and 2͑d͔͒ show cross sections of the three-dimensional plots at several temperatures. Heat capacity is proportional to the cross section at a given temperature by definition. It may be instructive to look at the three-dimensional plot with analogy to a "vase." Heat corresponds to "water" that is poured into the "vase." Larger amount of "water" is required to increase the "water surface" in the "vase" when the cross section is larger. Larger amount of heat is required to increase the temperature when the cross section is larger, which corresponds to the larger heat capacity.
Since graphite has much more vibrational states in a low frequency region than diamond does, graphite exhibits larger I'm' I'm heat capacity than diamond at low temperatures. We can see that at an elevated temperature of 1000 K, on the other hand, almost all vibrational states in the whole frequency range can be excited in both of crystals.
Calculated heat capacities for four crystals are shown in Fig. 3 together with experimental data. Heat capacity at constant pressure C p , which is the usual condition for experiments, was calculated within the QHA. Lower panels of the figure ͓Figs. 3͑c͒ and 3͑d͔͒ show differences in heat capacities between two crystals ⌬C p and ⌬C V . The calculated values of C p show good agreement to experimental values, although experimental data are widely scattered especially at high temperatures and some of them deviate significantly. The scattering prevents us from discussing high temperature heat capacities only from experimental values. Information by reliable theoretical calculations is therefore very useful for detailed discussion. It is interesting that ⌬C V becomes negative at above 1000 K for graphite/diamond.
By fitting the theoretical C V with the Debye model, one can derive temperature dependent Debye temperature ⌰ D ͑T͒. Results are presented in Fig. 4 . Experimental Debye temperatures are typically determined by fitting the heat capacity at low temperatures. The agreement of the present ⌰ D ͑T͒ with the experimental values at 0 and 298 K is quite satis-factory. In graphite, the temperature dependence of ⌰ D ͑T͒ is found to be much more significant than that of diamond making a crossover at 1000 K. This can be easily correlated to the shape of phonon DOS as shown in Fig. 1 . Since ⌰ D ͑T͒ corresponds to the Debye stiffness as discussed earlier in this report, we can reach the conclusion that the Debye stiffness is greater in diamond than in graphite only below 1000 K.
The same trend can be seen in BN polymorphs. Hexagonal BN ͑h-BN͒ with sp 2 type bondings show higherfrequency phonon modes than cubic BN ͑c-BN͒ with sp 3 type bondings. Both C V and ⌰ D ͑T͒ undergoes the crossover at 600 K. Above that temperature, the Debye stiffness of h-BN is larger than that of c-BN. The lower crossover temperature in BN than C can be ascribed to the lower phonon frequency in BN. The crossover behavior found in this work may be a general trend among polymorphs that are composed of different dimensionalities or types of chemical bondings.
IV. SUMMARY
First principle PAW calculations within LDA were made on the phonon spectrum and heat capacity of diamond, in comparison to its allotrope, graphite. The same set of calcu- lations was made for hexagonal and cubic BN. Major results can be summarized as follows.
͑1͒ Lattice constants, thermal expansion coefficients and isothermal bulk modulus agree well with experimental values for all of four crystals, except for a failure in predicting thermal expansion ␤ at 1000 K for graphite.
͑2͒ Theoretical phonon dispersion relation and phonon density of states reproduce experimental data quite satisfactorily as in previous works in literature.
͑3͒ A part of optical branches of graphite shows higher phonon frequencies than those of diamond. As a consequence, graphite shows smaller heat capacity and higher Debye temperature than diamond at temperatures above the crossover temperature of 1000 K. This supports experimental reports of heat capacity although the experimental data are widely scattered.
͑4͒ Consequently graphite shows higher Debye stiffness than diamond above 1000 K, which may be contrary to the intuition that diamond is stiffer than graphite. This can be ascribed to the fact that both acoustic and optical phonons contribute to the Debye stiffness, whereas only acoustic phonons contribute to the conventional stiffness measured by the sound propagation.
͑5͒ The same trend can be found for boron nitride polymorphs with the crossover temperature of 600 K. The crossover behavior seems to be a general trend among polymorphs that are composed of different dimensionalities or types of chemical bondings.
